/ gd u dp dp L- The current production shell does not differ significantly in its physical characteristics from its prototype. However, the tail which, during development, was made from aluminum 73ST, is now made from aluminum 63ST, which is known to be weaker. Experimental firings in the Transonic Range showed that the 65ST tail very frequently deforms during launching. These firings also revealed, moreover, that as a result of tail deformation the axial spin and subsequent spin history of this shell in flight varies over a very wide range.
Unfortunately, the nature of this shell is such that it must remain within rather narrow bounds of spin. The upper bound is imposed by penetration requirements and is about 25 RPS; the lower bound is the zone of resonance at about 8-2 RPS, The initial spin is imparted to the shell by the plastic obturating ring and, depending upon the characteristics of this ring, usually lies between 12 and 15 RPS. Normally, the initial spin of 1.9 /ft. will decay to about l 0 /ft, at 2000 yards, a condition which could be described as satisfactory. In the case of a shell with a deformed tail the normal spin decay might well be accelerated and the shell would approach the resonance condition early in its flight, the resonant spin for this shell being l.l2 0 /ft. It was felt that the build-up in the size of the yawing motion which characterizes the resonance phenomenon could have a detrimental effect upon the firing accuracy of the missile.
In connection with this problem a new development came into prominence, namely the 90ram T516 shell (Figure 2 ). The T5l6 is a shorter shell with a spiked nose with the result that, at the expense of increased drag, the destabilizing lift on the body of the shell is greatly reduced and the center of pressure of the body is moved closer to the center of gravity of the missile. Therefore, to be stable, this shell requires a relatively short boom. It has no obturating ring and its initial spin is much lower than that of the T108. Since the critical frequency of the T516 is 2.34 /ft., its spin must increase from its initial zero or very low value to a relatively high rate of spin in order to get into resonance. The likelihood of this occurrence is diminished by the fact that, since the shell is quite compact, there is less opportunity for the tail to be damaged as the shell leaves the gun.
This report deals with the investigation, by means of analog computer simulation, of the effects of various spin histories on the trajectories of these two shell. Since resonance appeared to be a possible reason for the poor firing accuracy of the TIOSE^O shell, particular attention is given to resonance conditions. To this end, six spin histories were arbitrarily assigned to each shell, as shown in the following Resonance spin for the T108E40 is l.l2 0 /ft.; for the T516, 2.5^0/fto
In the cases 1,5 through 1,6 and U,k through 11,6 it is seen that from any two conditions the third may be derived. The derived quantities are indicated by parentheses.
Throughout the report the above twelve cases will be referred to as 1,1 ...., 11,6, wherein the Roman numerals designate the shell and the Arabic numerals the particular spin history under consideration.
The pertinent characteristics of the two shell are given in Table 2 and were obtained experimentally from previous range firings or wind tunnel tests. Note significant differences in drag coefficient, damping rate, pitching frequency, and zero spin trim angle, X , between the two shell. For example, the T108 trims at 5.07 degrees per degree of tail asymmetry while the T3l6 trims at 1,83, with the result that the latter shell is much less sensitive to fin deformation.
The following section describes the equations of motion which were programmed for the analog computer.
* An aerodynamically asymmetrical shell will assume an equilibrium, or steady state, condition after all transients have died out. The resulting angle of inclination of the geometric axis to the trajectory is the trim angle. It is, in general, a function of spin. The symbol \ , used throughout the report, represents the value of the trim angle defined for zero spin. Figure 3) . The small Mach number variation of the T108E40 was neglected. 
where primes denote differentiation with respect to p, the axial arc length along the trajectory in calibers. The nomenclature used in the above equation and in the equations to follow is defined in the Table of Symbols preceeding the Introduction.
If the small imaginary term in the expression for J is neglected, and if the substitution
is made, equation (l) may be simplified by dividing through by the trim angle, X, . Separating the new variable X/X. -£ into its horizontal and vertical components, the equations assume the form in which they were programmed for the analog computer: V^C^S-v) (5) If all the aerodynamic forces other than the normal force are 2 5 neglected, the differential equation of swerving motion becomes *'
The third term of the above equation, when integrated twice, will be designated by y-j i.e.
^G^ \ g d u dp dp 0^0 (T)
The amount of swerve caused by the aerodynamic forces acting on the missile is small in comparison with the drop due to gravity, y . Therefore, in order to avoid a scaling problem on the analog computer which would arise if equation (6) were programmed as it stands, it was found convenient to separate the two portions of the equation and plot the resulting motions.
One further simplification was made in order to observe the effect of yaw 13 on the gravity term, viz., instead of y_, a quantity Ay-was computed such that
) dp dp o ^o (8) where
Ay G , then, represents the difference between the gravity drop which occurs when the yaw drag effect is considered and the gravity drop which would obtain at zero yaw.
J-^ is, of course, a function of Mach number. The drag function 0 determined from range firings of the T516 shell is given in Figure 3 .
The effect of variation in J with Mach number for the Mach number range 0 covered by the T108E40 shell in flight was found to be negligible and hence a constant value of J^ was employed in equations (9) and (10) % when computing the motion of the T108.
Resolving equation (6) (minus the gravity term) into its real and imaginary components, the following quantities are defined:
Equations (5), (4), (5), (8), (9), (10), (ll), and (12) were cammed for the corni were set equal, to zero. For the oases in which resonance does not occur, the values given represent steady state yaw, or magnitude of yaw after transients have damped out. Hote that the yaw levels attained by the GEDA in the constant spin cases are verified by the plots of Figure 10 .
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RESULTS
The quantitative results of the program are presented graphically in Figures k through Ik and summarized in Table 3 . Some of the qualitative aspects of the program are discussed below.
The graphs representing the various spin histories (Figures k and 5 ) are self-explanatory. Note that the rolling velocity of the T108E^0 must decrease in order to reach resonance whereas that of the T3l6 must increase. Thus it will not be possible to directly compare the cases wherein resonance occurs at 500 yards (1,1*. and 11,4), for example, since the spin rate of the T108 passes through zero (an undesirable feature, as will presently be shown) while that of the T3l6 attains a steady state value of 9.8 degrees per foot. 
A value of X = .2 was chosen as a representative figure for current manufacturing tolerances and used throughout the program. However, since X e appears as a factor in the equations of yawing motion fcf. equations (3) and (k) and recalling that X/i,^ = £"] , the magnitude of yaw for other degrees of asymmetry may readily be inferred by applying the appropriate scale to the given graphs. In mechanical systems in general, this type of plot, which yields the amplitude, or response, of the system to an external force of any given frequency, is known as a response curve. pronounced difference between the peaks of the two curves is due to the difference in damping rates of the two shell, that of the T516 being only about one-fourth the damping rate of the T108 (see Table 2 ).
A measure of a shell's sensitivity to its trim angle under resonance conditions is given by its magnification factor (m. ¥ ' ' ' These plots were suggested by C. E. Murphy, In other words, a "region of resonance", arbitrarily chosen to lie within -5$ of critical resonance spin, was marked off and the distance along the trajectory, corresponding to that region, was computed for each of the six resonance cases. This distance, Az, divided by the period of yaw (see Table 2 ) becomes the parameter against which the percent of maximum yaw for constant spin, attained along the recorded trajectory, was plotted.
(Note that maximum yaw does not necessarily occur within the "region of resonance"as defined in the present discussion.) The results of the two plots are smooth curves which asymptotically approach unity. Moreover, they are suggestive of a family of curves and, since it seemed of some (at least academic) interest, a side program was set up to test that theory.
On the order of fifteen additional GEDA runs were made in which the damping coefficient, H, in the yaw equation was allowed to take on different values.
Results showed that the two curves given in Figure 11 are indeed members of a family of curves having the magnification factor as the parameter.
Turning, now, from our consideration of the behavior of the yawing motion to the lateral displacement of the shell, and referring once again to the equations which were programmed for the analog computer, it is seen that the vector sum of the motions (x, y and Ay,-.) pertaining to the lateral displacement obtained by the simulation process is, in effect, a departure from a particle trajectory rather than the actual trajectory itself, x and y are the two components of the swerving motion of the shell due to the aerodynamic forces acting upon it; Ay-is the departure of the shell from a particle trajectory due to increased drag alone. In virtue of very special initial conditions (cf. paragraph following equation 12), x, the horizontal component, is so small for most of the runs (y is greater by a factor of between 20 and 100) as to be negligible and hence the graphical representation of this motion has been omitted from the report. In actual practice, the orientation of the departure of the shell could occur in any plane depending upon the launching conditions.
In the preceding paragraph it was stated the for most of the rims x is very small. Three exceptions occur: Cases 1,1 and 11,1 in which ii the spin rate is identically zero, making the first term in the x equation constant after the transients have died out (the second term is constant by virtue of the zero spin condition) and thereby causing the solution to be almost purely parabolic; and Case 1,4, in which the spin rate passes rather slowly through zero at approximately 4000 feet from the beginning of the range. Since, for constant spin, the deflection for missiles having 2 slight configurational asymmetry is proportional to l/v , it is evident that the condition of zero rolling velocity is to be avoided. is identically zero in virtue of the specific initial conditions of the problem. Case 1,^ is also exceptional since y becomes very large when the spin rate passes through zero. Table 5 Table 5 ). If early resonance is avoided, and fin damage remains small, the yaw drag effect, even for the T5l6 shell, is not too detrimental.
All of this information is tabulated in
CONCLUSION
In order to summarize the results of the program and draw certain conclusions therefrom, it is worthwhile to review its fundamental objectives.
In the introduction an attempt was made to review, at least in part, the history behind the T108E40 and the T3l6 shell. With this background in mind, then, the problems which emerge from the picture are mainly three 21 in number:
(1) Does the resonance phenomenon account for the poor firing accuracy of the T108 shell?
(2) Is the "time of resonance" (place wherein resonance occurs during flight) significant? (3) Could the reason for the good accuracy of the T516 shell be the fact that it is inherently a better shell, from aerodynamic considerations, than the T108?
Resonance undoubtedly accounts for some of the poor firing accuracy observed in range firings but its significance appears to be less than was suspected at the outset of this program. Dispersions of several mils at 1000 yards, determined experimentally, have not been obtained by the analog computer study. It appears that the observed behavior of production lots of the T108 shell has not been simulated since, from this study, the shell appears to fly very well to a 1000 yard target. At the time of this 7 writing, an investigation is being conducted ' to determine the effect on trajectory of initial yaw and yawing velocity in an effort to explain the poor firing accuracy of the T108 shell. The results appear promising.
Question two is quite easily resolved from a study of the results obtained from the analog computer. It is seen (Table 5 ) that the amount of displacement due to the aerodynamic forces acting on the shell is not a function of the place wherein resonance occurs during flight. The maximum amplitude of the yawing motion does depend upon the "time of resonance", but this relation is important only when considering its effect upon the total trajectory. That is to say, the variation of maximum yaw level with time of resonance is of little more than academic interest as far as the yawing motion alone is concerned, whereas it has considerable significance with respect to the amount of displacement due to yaw drag. Since the drag coefficient is a function of yaw squared, the relationship of &y to the size of the yawing motion is non-linear and at 2000 yards its contribution to the total lateral displacement is of considerable magnitude. Nevertheless^ at 1000 yards the departure is almost insignificant and hence yaw drag cannot be the explanation for the poor firing accuracy of the production model T108 shell whose dispersions at a 1000 yard target were observed to be on the order of one mil.
Unfortunately, question three cannot be answered unequivocally, A comparison of the aerodynamic properties of the two shell would provide an adequate explanation for the better firing accuracy of the T5l6 if we had been able to prove that resonance were really the cause of the bad behavior of the T108. In resonance, the T108 shell suffers amplification of its Inherent asymmetry twenty times. The tail of this shell is relatively weak, especially if it is made of aluminum 63ST; it is known to suffer considerable deformation during launching on at least 50^ of the rounds. ^P -1 -%
the gravity term having been omitted from the present discussion. With the assumption of zero initial yaw and zero initial change in yaw, 
The spin, v, may be chosen arbitrarily for this computation, while id p , the damping rates and turning rates, re:
two epicyclic arms, are specified by the equations Of. and p , the damping rates and turning rates, respectively, of the 2.15 ft.
In order to obtain a check solution of the gravity term in the equation of swerving motion, a constant drag coefficient was assumed, thus permitting the direct formal integration of the expression for y_,. G Thus, for constant J^, s 2 rP rp -2 2 y = gd u dp dp = gd u G u n J n c 
